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New black holes in the brane world?

Roberto Casadid,Alessandro Fabbfiand Lorenzo Mazzacurati
Dipartimento di Fisica, Universitali Bologna and I.N.F.N., Sezione di Bologna, via Irnerio 46, 40126 Bologna, Italy
(Received 28 November 2001; published 9 April 2D02

It is known that the Einstein field equations in five dimensions admit more general spherically symmetric
black holes on the brane than four-dimensional general relativity. We propose two families of analytic solutions
(with gn#fg,}l), parametrized by the Arnowitt-Deser-Misner mass and the parametrized post-Newtonian
parameterg, which reduce to Schwarzschild f@=1. Agreement with observations requirgd—1|~| 7|
<1. The sign ofn plays a key role in the global causal structure, separating metrics which behave like
Schwarzschild < 0) from those similar to Reissner-Nordstispare-time >>0). In the latter case, we find
a family of black hole space-times completely regular.
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In recent years there has been a renewed interest in mod- In the present paper we investigate spherically symmetric
els with extra dimensions in which the standard model fieldsolutions to Eqs(2) with D=4 of the form
are confined to our four-dimensional world viewed aSma
finitely thin) hypersurface(the brang embedded in the ds?=—N(r)dt2+ A(r)dr2+r2dQ? (3)
higher-dimensional space-tintthe bulk where(only) grav-
ity can propagate. Of particular interest are cases where ”With d02=de?
extra dimensions are infinitely extended but “warped” by the holes in the br
presence of a nonvanishing bulk cosmological constant
related to thesingula) vacuum energy density of the brane
[1,2] by the standard junction equatiof.

In D+ 1 space-time dimensions a vacuum solution must
satisfy (u,v=0, ... D)

+sirféd¢?, which might represent black
ane-worlfb—9]. First of all, let us recall that
the Schwarzschild four-dimensional mett®) with

N=A"1 (4)

andN=1-2M/r is ruled out as a physical candidate since
R,,=Ag,,. (1)  its unique propagation in the bulk is a black string with the
. . central singularity extending all along the extra dimension
On projecting the above equation on a time-like manifold of2Nd Making the AdS horizon singule]. Further, this case is

codimension onéthe brang and introducing Gaussian nor- also unstable under linear perturbati¢h8]. A few different
mal coordinates<' (i=0, ... D—1) andz (z=0 on the C&S€s have been recently investigated with the condipn

brane, one obtains the constraintat z=0) [6,7]. We stress that while Ed4) is accidentally verified in

four dimensions, there is no reason for it to hold in this
scenario as well. It is easy to show that the most general
solution satisfying Eq(4) is of the “Reissner-Nordstrn”
(RN) type [6]

Ri,=0, R=\, 2

whereR is the D-dimensional Ricci scalak the cosmologi-

cal constant on the bran&ve shall set\=0 from now on, M O

equivalently to the fine tuning betweénand the brane ten- N=1——+ -, (5)

sion[1]) and use has been made of the necessary junction r r

equationd 3]. For static solutions, one can view Ed8) as

the analogs of the momentum and Hamiltonian constraints isvhereQ can be interpreted as a “tidal charge.” If instead one

the Arnowitt-Deser-Misner decomposition of the metric andinsists on requiring the Schwarzschild metric on the brane

their role is therefore to select out admissible field configu-but with a regular AdS horizon the price to pay is to have

rations along hypersurfaces of constarbuch field configu- matter in the bul7].

rations will then be “propagated” off-brane by the remaining  We shall here present two new families of analytic solu-

Einstein equation(1). It is clear that the above “Hamil- tions of the form(3) on the brane(at z=0) obtained by

tonian” constraint is a weaker requirement than the purelyrelaxing the condition(4). They are determined by fixing

D-dimensional vacuum equatiorig; =0 and, in fact, it is alternativelyN or A as in Schwarzschildso to have the

equivalent toR;;=E;; where E;; is (proportional t9 the  correctO(1/r) behavior at large ] and finding the most gen-

(tracelesy projection of theD + 1-dimensional Weyl tensor eral solutions for the constrain(g). These solutions will be

on the brand4]. expressed in terms of the ADM ma#s and the parame-
terized post-NewtoniatPPN parameteB which affects the
perihelion shift and the Nordtvedt effefil]. The momen-

*Email address: casadio@bo.infn.it tum constraints are identically satisfied by the fo{3n and
"Email address: fabbria@bo.infn.it the “Hamiltonian” constraint can be written out explicitly in
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1IN 1/N’\2 1IN A 1/A" N\ 1
SN 1N INA AN —r—z(A—1)=0.
(6)

Case |.By demanding that

N=1-"—,
r

()

the general solution to E@6) is

)

The only other non-vanishing PPN paramefahich con-
trols the deflection and time delay of light1l]) y=8 and

one knows thaiB=vy=1 from solar system measurements

[11]. In particular the combinatiorp=48—vy—3=3(B
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——— Null infinity
——— Singularity

= = = Event horizon

e P=CONSE.

................. t= const‘

FIG. 1. Penrose diagram for case | anet 0.
3M
1_ -

o

A= , (12

1 M 1+
—7( )

—1) measures the difference between the inertial mass anghere we have definegl=(4/9)7. As in Schwarzschild, the
the gravitational mass of a test body. We also note that thg,ent horizon is at=r,=2M and the related Hawking tem-

solution (8) depends on just one parameter and Kb+ 0

perature is

one recovers the Minkowski vacuum. The same is true for

the solution(5) provided one define®=2M?(8—1), which
yields

1 2M  2M?
1I=-—+—=(B-D.

N=2

©)

As was noted ih9,6], for a(point-like) matter source located
on the braneQ should be related td/ through the brane
tension, therefore measuring would give information on
the vacuum energy of the brane-woflat, equivalently,A).
Finally, the metric(9) can be experimentally distinguished
from the case presented here since the corresponging)
and does not depend ¢h

Case Il.Upon setting

2yM
Al=1- 22

r (10

one obtains

N= = 1++/1 2M)*
_? ‘y T y

(11)

V1-37

TH_87T—M. (13)

We see that, with respect to the cageco, Ty is eitkEr
slightly reduced or augmented depending on the sigm.of
Inside the event horizon, the line element presents singulari-

ties in the metric forp#0 at

3 _
EM(:H' )=y,

; (19
EMETS.

Note that for5>0 it is r¢<r,, whereas forp<0 we have
rs<>rg. Calculation of the curvature invariants
R®=R,zR",

KZ=R,z,sR**"°, (15)

shows the presence of a physical singularityr at where
R2~K2~5?%/(r—ro* Therefore asyp<0 the space-time
ends atr=rg and the Penrose diagram, similar to that of
Schwarzschild, is represented in Fig. 1.

where nowy=28—1 and this case can be experimentally ~The casen>0 is, in a sense, more interesting and de-
distinguished both from Eq9) and case | above. Finally, serves further investigation. For=r, the squared surface
one hasy=y—1=2(B8—-1). gravity,

We shall now explore the causal structure of the previous
solutions by expressing the metric elements in terms;of 2_M2 r—ro
~pB—1+0 (keeping in mind thai»|<1 from experimental T
data[11]). In particular, we shall show that the sign#fs of

(16)

great relevance.
Case |.The metric components are given by E@) and

vanishegan analogue surface is present in RN in the region
between the two horizonsand the curvature invariants are

084040-2



NEW BLACK HOLES IN THE BRANE WORLD? PHYSICAL REVIEW D65 084040

regular [they behave as-1/(72M%)]. Inspection of the
equation for the geodesics of enerfgyand angular momen-

tumL,
d 2 _ L2
R e I

shows that the space-like surfacer is a turning point for
all types of curves€=0,% 1, respectively, for null, time-like
and space-like geodesjc#\ similar phenomenon occurs in
RN, where all curves with. #0 get reflected at some point
r=r¢E,L)<r_=M-/M?—Q. However, space-like and
null curves withL=0 are able to reach the RN time-like
“repulsive” singularity r =0. In our case no curve is able to
enter the regiom <r,, where the signature of the metric is
Euclidean. This makes a substantial difference since the true
singularity atrs<<ry does not belong to the physical space.
Furthermore, integration of Eq17) for r~rq yields the
proper time 7~ /(r—rg)(ro—rs) and continuation of the
physical trajectories across=r, can be achieved, e.g., by
introducing the coordinate= \r —rg for r>r, and then go-
ing to negative values ok. In the (t,x,6,¢) coordinate
frame, the metric is given by

FIG. 2. Penrose diagram for case | and-0. The full diagram
can be obtained by repeating the same structure infinitely many
times both in the future and past.

X2Hro—r A(XPHT o) (XPHT o= icis si
ds2= _( . 0 "hlgi2+ ( 20)( 0=l dx2 For »<<0 the metric is singular at
X +ro X +I’0—rh
+(X2+74)%dO2. (18 Z_MErh
r=¢1-7 (20)
Since the metric in Eq18) is even underk— — X, both sides 2M(1+ p)=ry,

of x=0 have the same causal structure. Indeed, in the region
x<0 one can introduce a new radial coordinatesuch that  where r,,>r,. r,, defines the event horizon with formal
x=—+r"—rq for which the solution looks exactly like that Hawking temperature
in Egs. (7) and (12). The full Penrose diagram is given in
Fig. 2. Unlike RN, the space-time is completely reguléie (1-17)?
geometry is that of a traversable wormhole with the minimal Th ~T8aM - (21)
sphere inside the horizpnand continuation beyond the
Cauchy horizon is determined solely by boundary conditiong_mwever the null surface
at asymptotically flat regions. Regular four-dimensional '
black holes were constructed [ib2] by matching Schwarzs-
child with de Sitter along a space-like surface gtry, and R2~ K2~ Y
by gluing black hole with white hole metrics [13] as can- M3(Jr—ro— Jrh—ro)z'
didate space-times where information is not lost during the
evaporation process. Contrary to those cases, it is importante corresponding Penrose diagram is represented by the left
to stress that the continuation of our solution acros) is  djagram in Fig. 3.
smooth, as the extrinsic curvature is continuousxifand
vanishes ak=0).

Case II.The metric elements can now be written

[ 2M 2
7t \1-——(1+n)

=ry, is singular since

2

(22)

N= 1+79
[ 2M -1
A=|1-——(1+n) (19
We shall again distinguish between the two cases0 and FIG. 3. Penrose diagram for case Il wigh< 0 (left) and >0
7n>0. (right).
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Turning to the casey>0, we note that the only singular- For <0 there is a single horizon at=M(1+1— 5/2)
ity in the metric is atr=r,, where all curvature invariants with the Hawking temperature
are regular. Similarly to the corresponding case I, the geode-

sic equation nearr is 1 V1—7n/2

THZ20M (14 V1o 22 (20
dr\? r—ro[(1+9)? _, L2
a1~ o TE - r—2+6 , (23 and a physical space-like singularity =0 (the Penrose
0

diagram is the same as that in Fig. If 0<#%<2 (RN),
andr=r is a turning point for all physical curves. Smooth there are two horizons at. =M(1* J1-#/2) [the event
continuation atr=r, is achieved by considering negative horizon isr,=r . and the Hawking temperature is still given
values ofx=\r—r,. In terms of the radial coordinatethe by Ed.(26)] and the time-like singularity at;=0 becomes

line element is “r_epulsive." It would be interest_ing to inspect whether the
sign of » plays the same role in general. From a physical
1 2 point of view, since anti-gravity effects on the brane are ex-
X .
ds2= — + dt2+ 4(x2+ 1) dx2 pected for negative brane vacuum eneogy4], we suspgct
(14 n)? 7 X2+, ( o) that (at least for the cases considered hehe sign ofz is

2 212 minus the sign ofr.
(X" To)7dO% (24) We also note that for finite values of each family of

Unlike the corresponding case |, however, the two sides of°lutions possesses a zero temperature black hele/3 for

x=0 are not symmetric and the metric for negativexhib- ~ ca@se I,7=1 for case Il and the well-known extreme RN

its a singular event horizon at= — \rn—ro [rp, is given in =2 in Eq.(25). antrary to the _extreme RN which is singu-
Eq. (20) andR?~ K2~ 72/(M3(x—x;,)2)]. The causal struc- lar at r=0, the first two solutions are instead completely
ture is described by the right diagram in Fig. 3. The differ-r€gular and, although the corresponding valueg afe ruled
ence with respect to the left diagram is that the physicaPUt on atrophysical scales, they might be acceptable candi-
radiusr = x2+r o reaches a minimum at the time-like surface 92€s as small black hol¢8,9]. We will give more details

r=rqo (x=0) and then re-expands whearturns to negative elsewhere: . N . . .

values. Let us finally mention that it W|II.be important to investi-
An interesting aspect from the above analysis is that thergate the extension .Of our solutions into the bulk. For

seems to be a correlation between the signya quantity Schwarzschild, the singularity at=0 on the brane extends

measured at infinifyand the geometric structure of the so- INt© the bulk and makes the AdS horizon singular as well.
lutions at smallr (i.e., of the order of the Schwarzschild However, forn=>0 the solutions with(7) and(8) are remark-

radius for| 7|<1). For <0, a typical trajectory approach- ably free of singularities and one might hope that the bulk is

ing and possibly entering the horizon is such that the physi[egular as well. This study can be attempted either numeri-

cal radius always decreaséas in Schwarzschild, i.e.y cally or by Taylor expanding all five-dimensional metric el-
—0) and hits the singularity at.>0 (larger thanr :’0 for €ments in powers of the extra coordinate. The latter method
S

_ A . . is currently being investigated.
7=0). Considering positive values of, there is always a . .
turning point atr=r,, as an anti-gravity effect occurring Note addedAfter completion of this work we learned that

very close tory, in regions not yet experimentally tested. A gﬂzs?gjealSvtvgsoilstﬁedigﬁg I[Inngérfj]a?tse; pfi\/ig';? de(;nt%
similar feature is present for the metii@), ' P

study the causal structure of the space-time.
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